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Abstract. In this work we investigate the derivations of dimensional complex 
evolution algebras, depending on the rank of the appropriate matrices. For evolution 
algebra with non-singular matrices we prove that the space of derivations is zero. The 
spaces of derivations for evolution algebras with matrices of rank n — 1 are described. 
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^ ! 1. Introduction and Preliminaries 

\ The notion of evolution algebras recently was introduced in the book [llj, where the 

■ author represented a lot of connections of evolution algebras with the other objects in 

■ mathematics, genetic and physics. The basic properties and some classes of evolution 
algebras were studied as well in [1], [10], pT| . 

The concept of evolution algebras lies between algebras and dynamical systems. Al- 
though, evolution algebras do not form a variety (they are not defined by identities), 
algebraically, their structure has table of multiplication, which satisfies the conditions of 
ff^ \ commutative Banach algebra. Dynamically, they represent discrete dynamical systems. 

^ \ In fact, evolution algebras are close related with graph and group theories, stochastic 

processes, mathematical physics, genetics etc. The papers [3]- [6] were devoted to study 
^ . of genetics using an abstract algebraic approach. 

O ! Recall the definition of evolution algebras. Let E he a. vector space over a field K 

with defined multiplication ■ and a basis {ci, 62, ... } such that 



Ci ■ = 0, j, 

k 

then E is called evolution algebra and basis {ei, 62, ... } is said to be natural basis. 

From the above definition it follows that evolution algebras are commutative (there- 
fore, flexible). 

Let E he a finite dimensional evolution algebra with natural basis {ei, . . . , e„}, then 

n 

' ^2 — ^^^^ ^^3^3 ' ^ 

where remaining products are equal to zero. 

The matrix A = {aij)^j^i is called matrix of the algebra E in natural basis 
{ei, . . .,en}. 

Obviously, rank A = dim{E ■ E). Hence, for finite dimensional evolution algebra the 
rank of the matrix does not depend on choice of natural basis. 
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The derivation for evolution algebra E is defined as usual, i.e., a linear operator 
d : E ^ E is called a derivation if 

d{u ■ v) = d{u) ■ V + u • d{y) 

for all u,v E E. 

Note that for any algebra, the space Der{E) of all derivations is a Lie algebra with 
the commutator multiplication. 

Let d be a derivation of evolution algebra E with natural basis {ei,...,e„} and 
di^i) = Sj=i dijCj, 1 < i < n. Then the space of derivations for evolution algebra E is 
described as follows in pT| . 

Der{E) = <de End{E) \ akjdij + akidij = 0, for i ^ j; 2ajidii = ^ akidjk 

I k=l 

In the theory of non-associative algebras, particularly, in genetic algebras, the Lie 
algebra of derivations of a given algebra is one of the important tools for studying its 
structure. There has been much work on the subject of derivations of genetic algebras 

( m, m, m)- 

In [H] multiplication is defined in terms of derivations, showing the significance of 
derivation in genetic algebras. Several genetic interpretations of derivation of genetic 
algebra are given in [S]. 

For evolution algebras the system of equations describing the derivations are given 
in [11]. In this work, we establish that the space of derivations of evolution algebras with 
non-singular matrices is equal to zero. The description of the derivations for evolution 
algebras, the matrices of which are of rank n — 1 is obtained. 

2. Main Result 

The following theorem describes derivations of evolution algebras with non-singular 
matrices. 

Theorem 2.1. Let d : E ^ E be a derivation of evolution algebra E with non-singular 
evolution matrix in basis (ei, . . . , Cn)- Then this derivation d is zero. 

Proof. For a derivation d we have d{ei)ej + Cid^Cj) = and d{eiei) = 2d{ei)ei for all 
1 < i ^ j < n. 

n 

Let d{ek) = ''^^dkiCi. Then we obtain 

dijiejCj) + djilciCi) = (1) 
diciCi) = 2dii{eiei) (2) 

for all 1 < i ^ j < n. 

Since evolution matrix A of algebra E is non-degenerated and (cj-ej), (ej-Cj) represent 
the i—th and j— th rows of the matrix A respectively, they can not be linearly dependent. 

Thus, dij = dji = for all 1 < i 7^ j < n. Therefore, d = diag{dii, . . . ,dnn} and 
d{ek) = dkkCk- Hence spec{d) = {dn, c?„„}. 

Now d{ei ■ Ci) = 2d{ei) ■ = 2dii{ei ■ e^). 

Since A is a non-singular, Cj ■ e, 7^ for all 1 < i < n. The last equality shows that 

{2^11, . . . ,2rf„„} = spec{d). 
This is possible if only d is zero. □ 
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Now we will investigate derivations for evolution algebras with matrices of rank n — 1. 
Since rank A — n — 1, making the suitable basis permutation we can assume that first 
n — 1 rows of the matrix A are linearly independent, i.e., eiei, . . . , e„_ie„_i are linearly 



n-1 



independent and e„e„ = 6^(6^6^) for some 61, ... , 6n-i ^ C. 

fc=i 

Since ejCj 7^ for all 1 < i < n — 1, from (2) we obtain that 2dii is an eigenvalue of 
d for all 1 < i < n — 1. Hence, 

spec{d) D {2du, 2^22, ■ ■ ■ , 2d„_i„_i}. 

Now from equality (1) we deduce dij = dji = for all 1 < i 7^ j < n — 1. 
By putting i = n to (1) we obtain dnjiejCj) + djn{en&n) = or 

n—1 

{dnj + djnhj){ejej) + ^ djnbk{ekek) = 

Hence we obtain djnbk = and dnj + djnbj = for all 1 < 7^ j < n — 1. 
Depending on different values of bk we will consider several cases. 

n-1 



Lemma 2.2. Let enSn — bk{ekek) and bp ^ 0, bg for some 1 < p ^ q < n. Then 
d^O. 



k=l 



Proof. In this case we have djnbp = for all 1 < j 7^ p < n — 1 and djnbq = for all 
l^j^Q^n — 1, which implies djn = for all 1 < j < n — 1. 

Putting djn = to dnj + djnbj = we obtain dnj = for all 1 < j < n — 1. 

Hence, d — diag{dii, ^22, • • • , dnn}- 

Since e„e„ 7^ from (2) we obtain that 2dnn is an eigenvalue of d. Hence, 



spec{d) = {du, d22, dnn} = {2dii, 2^22, • • • , 2dnn} 
which is possible if only d — 0. 



□ 



It should be noted that the opposite statement is not true. 

Prom this lemma it follows that the only cases left to investigate are e„e„ = and 
CnCn = bkCk, 6fe 7^ for some 1 < A; < n. In the last case, by making suitable basis 
permutation one can assume that e„e„ = b{eiei), 6 7^ 0. Consider the following n x n 
matrices: 



/ dn 


























2dn 




V -bdm 



















2'^-^-Mii 



din \ 








c^ii J 
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Lemma 2.3. Let enCn = b{eiei), b ^ 0. Then derivation d is either zero or it is in one 
of the following forms up to basis permutation: 

(i) (Di) where dn — — -, 1 < s < n — 1 and 5^ — —bd\ ■ 



2n-s _ I ■ 

[ii) {D2) where 0^22 = — ^^zi — dn, du 



''Ini 



-bdjn, 



2m-k+l _ 



,l<k<m<n — 1 and 



dnn-i = and dni = -bdin- 



(Hi) (D3) where dn = S and = —bd\^. 

Proof. We have d2n = ■■ ■ = dn-in = 0, (i„2 = • • 
By putting i = n in (2), we obtain 

26(iii(eiei) = bd{eiei) = d{b{eiei)) = d{enen) = 2dnn{&nen) = 2ci„„6(eiei). 

Hence, dn = dnn- 

From (2) we deduce that 

aji(rfiiei + din^n) + ^ C'ijdjjej + ain{-bdinei + dnen) = d{eiei) = 2dii{eiei) = 

J=2 



which imphes 

dni^dii — dn) — —ciindinb 

O'ini'^dii — dii) — ttiidin 

cijj(2(ijj djj) — 
for all 1 < i < n — 1 and 2 < j < n — 1. 



(3) 
(4) 
(5) 



THE DERIVATIONS OF SOME EVOLUTION ALGEBRAS 



5 



If din = 0, then d = diag{dii, . . . , dn-in-i, du} and {du, ■ ■ ■ , ^n-in-i} = spec{d) 5 
{2(iii, 2(i22, • • • , 2dn-in-i} which leads to d — 0. 

Assume that din 0- can find spec{d) — {d22, ■ ■ ■ ,dn-in-i,CK, P}, where a — 
du + S, f3 = du — S and S"^ = —bdl^. Obviously, a ^ (3. 

Let A G spec{d) be such that |A| = max{|a;|, \f3\, |c?22|, • • • , Mn-in-i|}- 

If A e {(^22, • • • , dn-in-i} then 2A is also an eigenvalue which contradicts to module 
maximality of A. Therefore A a or A ^. 

Also note that from (3) and (4) it follows that an = if and only if aj„ = 0. 

If an 7^ (flm 7^ 0), then multiplying (3) and (4) we obtain {2dii — du)^ — —hd\^ or 
2dii = du ± 5. Hence for these i we have 

du = or d^ = ^f3. (6) 

Now we consider several cases. 

Case 1. Let «/3 7^ 0, a + /3 7^ 0. Since a + /3 = 2du G spec{d) and a + /3 ^ {o;, /3} we 
obtain that there exists ii such that d,i^i^ = a + f3. Then 2(ij^j^ G spec{d) which implies 
that 2di-^i^ = di^i^ for some 12 or 2di^i^ G {a,/?}. If 2di^i^ = di^i^ we can continue till we 
obtain 2^di^i^ — ■ ■ ■ — 2dj^j^ G {a, ^} for some 1 <k <n — 2. 

Thus, for some l<A;<n — 2we have 2^{a + /5) G {a, 

Let us assume that 2^ {a + P) = a. 

Then du = di^i^ = di^i^ = f and /3 = -(1 - ^)a. Hence, \/3\ < \a\ and 

obviously, 2^/5 7^ 2''q; for any r,s & Z. 

Consider the possible non-zero values of |d22|,---, | c^n- in- 1| and let them be di < 
■ ■ ■ < dp. We already know that {di, .... dn-i} ^ {-^j . . . , ^}. Since spec{d) D 
{2^22, • • • ! 2dn-in~i} ouc obtaius that 2di, . . . , 2dp G {di, . . . ,dp, \a\, 

Since 2dp < \a\ and — ^ we conclude that cip = -y-. 

Observe that there can be only one eigenvalue dii^i^ = | with module dp. Indeed, if for 
some i we have \dii\ — dp^du 7^ |, then spec{d) 3 2dii 7^ a and \2dii\ — \oi\. Therefore, 
there exists j such that djj — 2djj. But then 2djj G spec{d) and |2djj| = 2\a\ > \a\ 
which is a contradiction. 

Now since there is only one eigenvalue with module ||q;| one obtains that there is 
only one eigenvalue of module and etc. 

If not all d2, ■ ■ ■ ,dp are in the form then applying similar arguments to \f3\ we 

obtain that there can be at most only one eigenvalue |^ with module |^ with 
module \\/3\ and etc. 

* 1 

Hence, {(^22, ■ ■ ■ , c^n-in-i} \ {0} = U^2^"^ {d22, ■ ■ ■ ,dn-i„-i} \ {0} = 

i=l 

s v 
i=l 3=1 

Case 1.1. Let {^22, ■ ■ ■ , c^n-in-i} \ {0} = Then from (6) for those i such 

i=l 

that ain 7^ we obtain 2dii = a. Then (4) implies an = "T'^" a^n- Hence, the first and 
the last columns of the matrix A are coUinear. Therefore, all other columns must be 
non-zero and linearly independent so that rank A = n — 1 is satisfied. 

Assume that there are s — 1 zeros among 0^22, . . . , dn-in-i- Then = 0^22 = • • • = 
dss < < \ds+2s+2\ < ■■• < \dn-in-i\- U 2 < i < s and s + l<j<n-l 
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then 2dii — djj = —djj ^ and from aij{2dii — djj) = we obtain ajj = for 2 < i < 
s, s + l<j<n — 1. 

Now if 2 < J < s and s+1 < i < n—1 then djj — 0, da ^ and from aij{2dii—djj) — 
we conclude that = for 2 < j < s, s + 1 < i < n — 1. 

Since dg+u+i ^du for all 2 < ?' < n — 1, from (5) we obtain ajs+i = for all 
2 < i < n — 1. Since 2—, . . . , (n — 1)— th columns are linearly independent, au+i 7^ 
and therefore, by (5) we obtain dg+u+i — 2dii. 

Now we will show that among dg+is+i, ■ ■ ■ , dn-in-i there arc no equal elements. Let 
ds+is+i = ds+2s+2- Then ds+2s+2 7^ 2d,./ for all 2 < i < n — 1 and from (5) wc obtain 
<2is+2 = for all 2 < i < n — 1. Hence, the (s + 2)— th column is either zero or coUinear 
to (s + 1)— th column of matrix A. This is a contradiction. 



Now let \ds+is+i\ < \ds+2s+2\ 
s + 2 < j < n - 2. Then 2dii 



= if and only if i = j 



< ••• < Id,-,! = < ••• < \dn-in-i\ for some 

1 and therefore (5) 
j+ij+i = only if i = j - 1 
we obtain ajj+i = for alH 7^ j — 1. This implies that either columns j and j + I are 
coUinear or at least one of them is zero, which is a contradiction. Hence in this case 



implies aij = for alH 7^ j — 1. Similarly, since 2dii — d 



all ds+is+i, ■ 
and hence 2 



, dn-in-i are distinct and 2'' 

'^du = du + S ^ du ~ ^ 



s+ls+l 



Therefore matrix A should be in the form 



2dn- 



In-l 



a 



( 











022 



as2 








a„_ii 



axs 

a2s 

ass 










Os+ls+2 



V 







00 

00 

bais+i 











On-2n-l 





\ 








In 

J 



and d is in the form {Di) with dn = — 7- 



1 

s ^ r 

Case 1.2. Let {^22, ■ ■ ■ , 4-in-i} \ {0} = [ji^P}- 

i=i 0=1 

r ^ ^1 

Assume that {0^22, • • • , 4fc} = |J^2^^J'' i'^k+ik+u d„nn} = and 

j=i i=i 

dm+lm+l = ■ ■ ■ = dn^in-l = SUch that \d22\ < ' ' • < \dkk\, \dk+lk+l\ < ■ ■ ■ < Mmml- 

Since 2dii — ^22 7^ for all 1 < i < n from (5) and due to Gin = baa we obtain 0^2 = 
for all 1 < i < n. Now since rank A — n — 1, the other columns must be non-zero and 
linearly independent. Similarly, as in Case 1.1 one obtains that ^33 7^ ^22 and so on. 

Hence, 



dkk — 2(ifc_ife_i — ■ ■ • — 2^^ ^d- 



22 



and for all 3 < j < /c it follows that aj-ij 7^ 0, aij = (i 7^ j — 1). 

Now since 2djj — d^+ik+i 7^ for all 2 < i < n — 1, where dk+ik+i is fja, it must be 
dk+ik+i = 2dii. Otherwise, the {k + 1)— column is zero, which is a contradiction. Then 
in the {k + 1)— th column the only non-zero elements are aik+i and ttnk+i — baik+i- 
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Applying the similar arguments as in Case 1.1 we deduce 

and for all /c + 1 < j' < m we have Oj-iy 7^ 0, aij — 0,i ^ j — 1. 

Now for all 1 < i < m and m + l<j<n — Iwc have 2dii — djj = 2dii 7^ 0. Then 



from (6) we obtain a,j 
ttnj = baij, it follows a^j 

Hence, dkk — and dmm = ho:. Then from (4) and (6) it follows that 



for all 1 < i < m and m + 1 < j < n 
-- for m + 1 < j < n. 



1. Also, since 



d 



In 



^-d 



-dki 7^ and 



d 



In 



-ami 7^ 0. 



11 



Also from dii + 5 — a — 2dr, 



Now 2dii — a = f3 = 2dkk = 2 0^22 implies 0^22 
Hence, the matrix of A is 



a — dii 

= 2"*-*^+Mii it follows that dn = 

-j^ rfii) — k 



2m-k+l _ ^ ' 










023 




Ofei 





ami 




V 



























flfc-lfe 












fl'lfc+1 













haik 









O'k+lk+2 










Denote by (^2) the form of the above matrix, 



2k- 










^m— Im 






-du 


















(^-m+lm+l 



^n— lm+1 










^kn 














Ctmr 
O^m+ln-l 



Qn-ln-1 




For the evolution algebra with matrix 

^m—k 

in the form (^2) the derivation d is in the form {D2) with ^22 = — — c^ii and 

11 2m-k+l _ I ■ 

Note that, we can assume 2'^{a + (3) — (3 in the beginning of our argumentation in 

g 

this case. Then in Case 1.1 we obtain that d is in the form (Di) with dn 



tm—k 



2n- 



In Case 1.2 d is in the form {D2) with ^22 = 



2fe-i 



-dii and dn — 



2m— fc+l _ ' 



Case 2. Let a(5 7^ 0, a = — /3, i.e., dn = 0. We will show that this case is impossible. 

Obviously, there are non-zero elements among ^22, ■ ■ ■ , dn-in-i- Otherwise, from (3) 
and (4) it follows that the first and the last columns of matrix A are zero, which is a 
contradiction. 

Now consider the possible non-zero values of |(i22|, • • • , Mn-in-i| and let them be 
di < ■ ■ ■ < dp. Since spec{d) ^ {2d22, • • • , 2dn-in,-i} one obtains that 2di, . . . , 2dp e 
{di, ...,dp, \a\}. 

Since this values are non-zero, we deduce that \oi\ — 2dp, dp — 2dp_i, . . . ,d2 — 2di. 
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Observe that there can be only eigenvalue ^ or — | with module dp. Indeed, if for some 
i we have \dii\ — dp, da ^ ±^ we obtain spec{d) 3 2du ^ ±q; and \2dii\ = |ci;|. Therefore, 
there exists j such that djj — 2dii. But then 2djj e spec{d) and \2djj\ — 2\a\ > \a\ 
which is a contradiction. 

Now since ±|a are the only possible eigenvalues with module ^\a\ one obtains that 
the only possible eigenvalues with module dp_i arc ±\a and etc. 

s ^ r ^ 

Hence, {^22, ■ ■ ■ , dn-in-i} \ {0} C IJi^^"} [ji-^J^}- 

i=i j=i 

If ^ {d22, • • • , dn-in-i} and — |q; ^ {(^22, • • • , c^n-in-i} then from (6) we obtain 
that the first and the last columns are zero which contradicts to rank A — n — 1. Hence 
there exists 2 < k < n — 1 such that dkk £ {|q;, — |q;}. 

* 1 

Now, if {d22, • • • , dn-in-i}\{0} ^ U'^^^J' ^ ^^^2, • • • , dn-in-i} then by (4) 

i=l 

and (6) we obtain that the first and the last columns of matrix A are linearly dependent, 
i.e., an = -T-din foi' all 1 < i < n. Hence, in order to be rank A = n — 1 the other 

din 

columns must be non-zero and linearly independent. 

However, if dpp — ^a, then from (5) we obtain that the p— th column is zero which 
is a contradiction. 

1 

Now if {^22, ■ ■ ■ , dn-in-i}\{0} 2 IJ{-^Q;} and |q; ^ {^22, ■ ■ ■ , dn-in-i} then by (4) 

i=i 

and (6) we obtain that the first and the last columns of matrix A are linearly dependent, 
i.e., an — ^ain for all 1 < i < n. Hence, in order to be rankA — n — 1 the other 
columns must be non-zero and linearly independent. 

However, if dpp — ^a, then from (5) we obtain that the p— th column is zero which 
is a contradiction. 

s ^ r ^ 

Now let {d22, ■ ■ ■ , dn-ln~l} \ {0} = U"f~^'^}- ^^^^ ^PP ^ ¥^ 

i=l j=l 

dqq — —-^a we obtain 2dii — dpp 7^ 0, 2dii — (i^^ 7^ for all 1 < i < n — 1 and hence 
from (5) the p— th and q—th columns are zero which is a contradiction to rankA — n — 1. 

Case 3. Let a^0,/3 = 0. 
Then 2dii — a — du + S, and hence du = S. 

Let us consider the possible non-zero values of 1^22!, ■■■ , |c^n-in-i| and let them be 
di < ■ ■ ■ < dp. Since spec{d) D {2^22, ■ ■ ■ , 2dn-in-i} one obtains that 2di, . . . , 2dp e 
{di, . . .,dp, \a\}. 

Since this values are non-zero, it follows that \a\ = 2dp, dp = 2dp-i, . . . ,d2 = 2di. 

Observe that there can be only eigenvalue | with module dp. Indeed, if for some i we 
have \dii\ = dp, da ^ ^ we obtain spec{d) 3 2djj 7^ a and \2dii\ = \a\. Therefore, there 
exists j such that djj — 2dii. But then 2djj e spec{d) and \2djj\ — 2\a\ > \a\ which is 
a contradiction. 

Similarly, since there is only one eigenvalue with module \a one obtains that there 
is only one eigenvalue \a of module dp_i and etc. 

Thus, spec{d) — {-^a, . . . , \a, a} or spec{d) = {0, -^a, . . . , |«, a}. Again, by making 
suitable basis permutation one can assume that |(i22| < • • • < \dn-in-i\- 



THE DERIVATIONS OF SOME EVOLUTION ALGEBRAS 



9 



Assume that there are s — 1 zeros among d 



22; 



1. Then = d 



22 



d 



< d 



S+2S+2 



< ■■■ <d 



n— In— 1 



■■ = dss < 

If 1 < z < s and s + 1 < j < n~l then 2dii — djj ^ 



and from aij{2dii — djj) = we obtain aij = for 1 < i < s, s + 1 < j < n — 1 

Now if 2 < j < s and s + 1 < i < n—1 then djj = 0, da ^ and from aij{2dii — d 
we obtain a^j 



'J J J 



Since d. 



for 2 < j < s, s + 1 < z < n - 1. 
is+i 7^ 2dii for alls + l<i<n — 1, from ais+i{2dr. 



d 



we obtain 



for all s + 1 < 2 < n — 1, i.e., the (s + 1)— th column of matrix A is zero. 



Now we will show that among (i^+is+i, . . . , dn~in-i there are no equal elements. Let 
ds+u+i = 4+2S+2- Then 4+2^+2 ^ '^du for all s + 1 < i < n - 1, from ais+2{'2dii - 



d 



s+2s+2j 



we obtain a,- 



for alls + l<i<n — 1 i.e., the (s + 2)— th column 



of matrix A is zero. This is a contradiction to rankA 



Now let d 



s+ls+l 



< d 



S+2S+2 



< ■■ ■ < d 



'3J 



< 



j < n — 2. Then 2dii — djj = only if i = j — 1 and therefore aij{2dii — d 



a 



for alH 7^ j — 1. Similarly, since 2dii — dj+ij+i = only if i 



n — 1. 

■ ■ < dn-in-i for some s + 2 < 
■jjj — implies 
j — 1 we obtain 



ajj+i = for all z 7^ j — 1. This implies that either columns j and j + 1 are coUinear or 
at least one of them is zero. However, this contradicts to rankA = n — 1. Hence in this 



case all c?. 



-Is+l, 



drtr, are distinct. 



Also from (6) it follows that a 



il 



for all s + 1 < 2 < — 1. 



Therefore matrix A should be in the form 



/ an 

^21 





^22 


















a2s 

dss 

as+is+2 








0'2n 















Q'n-2n-l 
O'n-ln 





Hence, for the evolution algebra with matrix in the form (^3) the derivation d is in 
the form (-D3) with dn = S. 

Note that in symmetrical case a = 0, /3 7^ one can obtain in a similar way that d is 
in the form (-D3) with du = —6. So the statement of Lemma [2.31 is verified. □ 

The following lemma completes the description of derivations of evolution algebras 
with matrices of rank n—1. 

Lemma 2.4. Let evolution algebra has a matrix A = {cLij)i<ij<n in the natural basis 
Ci, . . . , e„ such that CnGn = and rankA = n — 1. Then derivation d of this evolution 
algebra is either zero or it is in one of the following forms up to basis permutation: 



/ ... din \ 





V 



dn-ln 

.00/ 



n-1 



where aikdkn = 0, l<-i<?7, — 1; 



k=i 
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dk+ln G C. 



/o . 


.. 


. 


.. 


A 

u . 


A 

u 





. . 


\o . 


.. 


1 





\ 


dk+ln 








2 





dn-li 
dri/n. 



J 



l) dnn, c^ii+i 0, k + 1 < i < u — 2, 1 < k < u — 1 and 



Proof. From e„e„ = wc obtain dnj = for all 1 < j < n — 1. Now one can see that 

Spec{d) = {(ill, • • • , dnn} 12 {^dn, 2^22, • • • , 2dn-ln-l}- 

Let A G spec{d) be such that |A| = maxi<j<„ \dii\. 

If A e {dii, . . . , d„_i„_i} then 2A e spec(d) which yields A = 0. Therefore, in this 
case we obtain du — • • • — dnn — and d{ei) — d^Cn for all 1 < i < n — 1. Then from 



(2) it follows that 



/ ^ d'ijdjnf^n 



d{eiei) = for all 1 < i < n — 1. The last one implies 



that vector {din, ■ ■ ■ , dn-in, 0) is a solution of homogeneous linear system of equations 
Ax = 0. Observe that if the first n — 1 columns are linearly independent then d = 0. 

In order to d 7^ we consider the matrices with first n — 1 columns linearly dependent. 
Denote the form of this matrices by (^4). 

So in this case d is in the form (-D4). 



Now if A ^ {du, . . . , dn-in-i} then A = dnn and we can assume that dnn 7^ 0. Consider 
the possible non-zero values of |dii|, . . . , |dn_i„_i| and let them he di < • • • < dp. Since 
spec{d) D {2dn, ■ ■ ■ , 2dn_i„_i} one obtains that 2di, . . . , 2dp e {di, . . . ,dp, |(i„„|}. Since 
this values are non-zero, we deduce \dnn\ = 2dp, dp = 2dp-i, . . . , ^2 = 2di. Observe that 
there can be only one eigenvalue ^dnn with module dp. Indeed, if for some i < nwe have 
\dii\ = dp, da 7^ dnn we obtain spec{d) 3 2dii 7^ dnn and \2dii\ = \dnn\- Therefore, there 
exists I < j < n — 1 such that djj = 2dii. But then 2djj e spec{d) and \2djj\ = 2\dnn\ > 
\dnn\ which is a contradiction. Similarly, since there is only one eigenvalue with module 
^dnn one obtains that there is only one eigenvalue jdnn of module dp-i and etc. 

Hence, spec{d) = {^, . . . , dnn} or spec{d) = {0, . . . , dnn}- Now making 
appropriate basis permutation we can assume that \dii\ < ■ ■ ■ < \dn-in-i\ < \dnn\- 

Prom (2) we obtain 

n— 1 n 

^ ^ ^ijdjjG-j ~t~ ^ ^^ {^ijdjn^G-n — d^CiC-ij — 2di'i{€'iCi^ 
j=l j=l 
n 

which implies aijdjn = 2diiain and aij{2dn — djj) = for all 1 < i, j < n — 1. 

i=i 

Assume that there are k zeros among du, . . . , dn-in-i- Then = du = ■ ■ ■ = d^k < 
\dk+ik+i\ < • • • < Mn-in-i| < \dnn\ - HI <i < k and k + 1 < j < n—1 then du = 0, djj ^ 
and from aij{2dii — djj) = it follows that Uij = ior 1 < i < k, k + 1 < j < n — 1. 

Analogously, if 1 < j < A; and k + l<i<n — 1 then djj = 0, djj 7^ and from 
aij{2dii — djj) = we obtain Ojj = for 1 < j < /c. A; + 1 < i < n — 1. 



2dii ^ a 
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Since dk+ik+i 7^ 2(ijj for all A; + 1 < i < n — 1, from aik+i{2dii — dk-\-ik+i) = we 
obtain aik+i = for all A; + 1 < i < n — 1, i.e., the {k + 1)— th column of matrix A is 
zero. 

Now we will show that among dk+ik+i, ■ ■ ■ ,dnn there are no equal elements. Let 
4+ifc+i = dk+2k+2- Then 4+2fc+2 7^ '^du for all A; + 1 < i < n - 1, from aik+2{'2dii - 
dk+2k+2) = we obtain aik+2 = for all /c + 1 < i < n — 1 i.e., the {k + 2)— th column 
of matrix A is zero. This is a contradiction to rank A — n — 1. 



Now let |4+ifc+i| < |4+2fc+2| < ■■■ < 
k + 2 < j < n — 2. Then 24 — djj = only if i 



djj I 



\d 



j — 1 and therefore aij{2dii — d.j 



< ■ ■ ■ < I dnn I for some 
= 

implies a^j = for all i 7^ j — 1. Similarly, since 2dii — dj+ij+i = only if i = j — 1 
we obtain ajj+i = for alH 7^ j — 1. This implies that either columns j and j ' + 1 are 
coUinear or at least one of them is zero. However, this contradicts to rank A — n — 1. 
Hence in this case all • • • j 4m are distinct and 4 = for all A; + 1 < i < n — 1. 



Now if A; + 1 < -i, j < n — 1 we have 2dii — 4 



if and only if j 



1 and hence 



for allA; + l<i<n— 1 and k + l<j<n — + Therefore, matrix A 

ain \ 



should be in the form 
/ On 







aik 

akk 
ak+ik+2 



\ 
































Ctn-2n-l fln-2n 








d'n—ln 





Denote by A^ — (aij)i<i,j<fc the A; x A; submatrix of matrix A. 
Since rank A — n — 1 we obtain det A^ ■ ak+ik+2 a„_i„ 7^ 0. 

n 

Now '^^dijdjn — 2duain implies 



(A) 



On 





1 d,,, y 






)l 


\ dkn / 







Ofcl ■ ■ ■ Ofcfe 

and aM+i4+in + ciindnn — 2diiain for all A; + 1 <i <n — 2 and an~ind, 
which is an identity. 

Now since det A^ from (7) it follows that din = ■ ■ ■ = dkn = 0. 

For A; + l<i<n — 2we obtain ain{2dii — dnn) — (^u+idi+in which implies 

4+ln 



(7) 

24— In— 1*^71— In 



In— i— 1 



-l]d, 



Hence, derivation d is in the form of (D^). 

As a result of previous lemmas we obtain the following 



□ 



Theorem 2.5. Let d : E ^ E he a derivation of n— dimensional evolution algebra E 
with matrix A in basis (ei, . . . , e^) such that rank A — n — 1. Then the derivation d is 
either zero or is in one of the forms given in Lemma 1.2 and Lemma 1.3. 

We can conclude that if the matrix of cvohition algebra E can be transformed by 
basis permutation to matrices of the form [Ai) — (A5), then in this permuted basis the 
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corresponding derivations are in the form (-Di) — (-D5), respectively. Moreover, if the 
matrix of evolution algebra E can not be transformed by basis permutation to any of 
the forms Ai, 1 < i < 5, then derivation of such algebra is zero. 

For all 1 < i < 5 denote by Ei an evolution algebra with matrix, that can be 
transformed by basis permutation to the form Ai. 

Then it is easy to see that dim Der{Ei) = 2,i ^ 4 and dimDer(i?4) = 1. 

Proposition 2.6. Let evolution algebra -E'(fc)(l < k < n) with natural basis {ci, . . . , e„} 

k 

be such that CiCi = flijCj, an 7^ for 1 < i < k and CiCi = for k + 1 < i < n. Then 

j=i 

in this basis the derivation has the following matrix: 

O O 

where D G M„_fc(C). 

Proof. From (1) it follows that dijlcjCj) + djilciCi) = for all 1 < i ^ j < n. Now if 
we take 1 < i 7^ j < then CiCi and CjCj are linearly independent. Hence, we obtain 
dij = dji = for all 1 < i j < k. 

Now if 1 < z < A; and k + 1 < j < n then CjCj = and hence dji{eiei) = 0. This 
implies that dji = for all 1 < z < A;, A; + 1 < j < n. 

From (2) we have d^ekCk) = 2d{ek)ek. 

n 

Since d{ekek) = akkd{ek) = akk^dkjCj and 2d{ek)ek = 24^(6^6^) = 2dkkakkek we 

j=k 

obtain dkk = 4fc+i = • ■ ■ = 4n = 0. 

Assume that d{ek-j+i) = ■ ■ ■ = d{ek) = for some j. 
From (2) we have d{ek-jek-j) = 2d{ek-j)ek-j. 

k n 

Since d{ek-jek-j) = ak-jpCp) = Ok-j k-jd{ek-j) = ak-jk-j ^ dk-jpCp and 

p=k-j p=k-j 

k 

2d{ek-j)ek^j = 2dk-jk-j{Gk-jGk-j) = 2dk-jk~j ^ dk-jpep we deduce dk-jk~j = and 

p=k-j 

hence dk-jk-j+i = ■ ■ ■ = dk-jn = 0. Therefore, d{ek-j) = and we obtain d{ei) = ■ ■ ■ = 
d{ek) = 0. 

Since for k + l<i,j<n equalities (1) and (2) turn into identities, we obtain that d 
is in the form (8). □ 

Note that dim Der{E(^k)) = {n — k^. 
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